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Abstract 

One proposal for dS/CFT is that the Hartle-Hawking (HH) wave function in the large volume 
limit is equal to the partition function of a Euclidean CFT deformed by various operators. All 
saddle points defining the semiclassical HH wave function in cosmology have a representation in 
which their interior geometry is part of a Euclidean AdS domain wall with complex matter fields. 
We compute the wave functions of scalar and tensor perturbations around homogeneous isotropic 
complex saddle points, turning on single scalar field matter only. We compare their predictions 
for the spectra of CMB perturbations with those of a different dS/CET proposal based on the 
analytic continuation of inflationary universes to real asymptotically AdS domain walls. We find 
the predictions of both bulk calculations agree to first order in the slow roll parameters, but there 
is a difference at higher order which, we argue, is a signature of the HH state of the fluctuations. 
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I. INTRODUCTION 


One version of dS/CFT [T] conjectures that the wave function of the universe with asymp¬ 
totic de Sitter (dS) boundary conditions is given in terms of the partition function of a Eu¬ 
clidean GET deformed by certain operators. The wave function approach to dS/CFT was 
pioneered in [2] and further explored in [3HT3] . Other proposals for dS/CFT such as [ll] rely 
on a procedure of analytic continuation to AdS. Both versions of dS/CFT are not the same. 
Here we study the differences between these two classes of proposals, at the semiclassical 
level, for the prediction of observables associated with primordial fluctuations in inflationary 
universes. 

As a toy model for a wave function based proposal, we consider the semiclassical Hartle- 
Hawking (HH) or no-boundary wave function (NBWF) on S^, in Einstein gravity coupled to 
a scalar with a positive potential and a positive cosmological constant with all other matter 
helds (or sources) set to zero. All saddle points dehning the semiclassical NBWF have a 
representation in which their interior geometry is part of a Euclidean AdS domain wall HD- 
In this ‘AdS representation’ of the NBWF, its saddle points make a smooth transition from 
their approximate AdS regime to a Lorentzian (inflationary) universe that is asymptotically 
de Sitter m- The matter helds are in general complex along the AdS domain wall, because 
otherwise they wouldn’t be both real at the hnal boundary and everywhere regular as the 
HH proposal prescribes. 

In the AdS representation, the tree level no-boundary measure on the classical ensemble 
of histories of the universe is specihed by the regularised AdS domain wall actions. The 
transition region between AdS and dS merely compensates for the volume terms in the 
AdS action and accounts for the phases that explain the classical behaviour of the hnal 
conhguration m- Hence by AdS/CFT the action of both the AdS regime and the transition 
region can be replaced by the logarithm of the partition function of a dual held theory. The 
asymptotic prohle of the matter helds in the AdS regime enter as sources in the partition 
function. The dual no-boundary measure thus involves certain complex deformations of 
Euclidean CFTs familiar from AdS/CFT [TT] . The dependence of the partition function on 
the values of the sources, which are locally related to the argument of the asymptotic wave 
function, provides a holographic expression of the no-boundary measure. 

In this paper we identify in detail the AdS representation for saddle points corresponding 
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to homogeneous isotropic histories with an early period of scalar held driven inhation. Using 
this we compute the wave function of linear perturbations in the AdS representation, taking 
in account the effect of the imaginary component of the background saddle points. 

We then contrast their predictions for the spectra of primordial perturbations with those 
of a different framework for dS/CFT, developed mostly by McFadden and Skenderis [H], 
that is based on the analytic continuation of inhationary histories to real, Euclidean, AdS 
domain walls. The dual held theories in this model for dS/CFT are certain real deformations 
of the CFTs familiar from Euclidean AdS/CFT. This proposal does not directly specify the 
underlying quantum state in the cosmological domain, let alone the cosmological measure, 
but, assuming Bunch-Davies initial conditions, their framework can be used to predict the 
spectrum of primordial perturbations in inhationary universes from an AdS calculation or its 
dual [I1H2Q]. We will hnd that the imaginary component of the scalar domain wall prohle in 
the no-boundary saddle points only has a small ehect on the spectrum of perturbations that 
leave the horizon during the slow roll phase of inhation. Specihcally the diherence is manifest 
at second order in the slow roll parameters. At the same time this suggests the diherences 
between both approaches may well be more pronounced on the large, unobservable scales 
associated with eternal inhation. 

We argue that this diherence can be traced to the underlying quantum state of the 
huctuations. The complex structure of the NBWF saddle points specihes a state for the 
huctuations that dihers slightly from the exact Bunch-Davies initial conditions employed in 
[13]. This shows up in the detailed spectral properties of the primordial perturbation, which 
therefore provide an excellent probe of the quantum state of the huctuations. 


The paper is organized as follows: In Section IIC we review the holographic form of the 
semiclassical Hartle-Hawking wave function in Einstein gravity and the dS/CFT conjecture 


that is implied. In Section III we give an explicit realisation of the dS and the AdS repre¬ 
sentation of the wave function in the minisuperspace of homogeneous isotropic histories. In 


Section IV A we compute the wave function of scalar perturbations using the AdS represen¬ 
tation of the backgrounds and for a quadratic scalar potential. We perform a similar analysis 


for tensor huctuations in Section IV B and discuss in qualitative terms the generalisation 


of our conclusions to arbitrary single held models in Section IV C We conclude in Section 
[V| with a discussion of the diherence between the NBWF predictions for perturbations and 
the predictions of dS/CFT proposals based on the analytic continuation to real AdS domain 
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walls. Appendix A summarises useful formulae of cosmological perturbation theory. 


II. DS/CFT IN THE NO-BOUNDARY STATE 

We first review the connection between the NBWF with asymptotically de Sitter condi¬ 
tions and Euclidean AdS/CFT. 


A. The No-Boundary Wave Function 


We consider Einstein gravity coupled to a positive cosmological constant A and a scalar 
held moving in a positive potential V that has a regime where the conditions for slow roll 
inhation are satished. A quantum state of the universe in this model is specihed by a wave 
function x] on the superspace of all three-metrics hij{x) and matter held conhgurations 

x{x) on a closed spacelike surface S. 

We assume the no-boundary wave function as a model of the state [21]. The NBWF is 
formally given by a sum over four-geometries g and helds 0 on a four-manifold M with one 
boundary S. The contributing histories match the values {hij,x) on E and are otherwise 
regular. They are weighted by exp(—J/h) where I[g,((>] is the Euclidean action. Schemati¬ 
cally, 

'h[hp(T), x(x)] = 6g6(j)exp{-I[g{x), 0(x)]), (2.1) 

where the Euclidean action I[g{x),(j){x)] is a sum of the Einstein-Hilbert action (in Planck 
units h = c = G = 1) 

hc[^] =/ d‘^x{gy^^{R-2A) - ^ f (2.2) 

lovr Stt 

and the matter action^ 


= — / d^x{g) 


1/2 


' M 


l(V4>f + V(4>) 


(2.3) 


In some regions of superspace the path integral (2.1) dehning the NBWF can be approx¬ 


imated by the method of steepest descents. Then the NBWF will be approximately given 


^ We have chosen the normalization of the scalar field (f> to simplify subsequent equations and maintain 
consistency with earlier papers, specifically [22] . 
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by a sum of terms of the form 


'^[hij, x] ~ exp{-lR[hij, x] + iS[hij, y]). (2.4) 

Here lR[hij,x] and —S[hij,x] are the real and imaginary parts of the Euclidean action, 
evaluated at the saddle point. In regions of superspace where S varies rapidly compared 
to Ir (as measured by quantitative classicality conditions [22]) the NBWF predicts that 
the boundary conhguration {hij,x) behaves classically. That is, with high probability the 
conhguration will evolve according to classical deterministic laws in the no-boundary state. 

In the presence of a positive cosmological constant, the Wheeler-DeWitt equation implies 
that the classically conditions hold for general boundary conhgurations {hij,x) when the 
three-volume is sufficiently large [II11I31E2I. In this regime the NBWF predicts an ensemble 
of spatially closed, Lorentzian asymptotically de Sitter histories. Each individual classical 
history in this ensemble has a probability proportional to exp[—2/^(hjj, y)] to leading order 
in h, which is conserved along the classical history as a consequence of the Wheeler-DeWitt 
equation (cf [22]). 

B. Representations of complex saddle points 

We now discuss in more detail the saddle point geometries dehning the semiclassical wave 
function. The line element of a closed three-geometry can be written as 

= b‘^hij{x)dx^dx^, (2.5) 

where b is an overall scale factor and we take hij{x) to have unit volume. Superspace is 
therefore spanned by b, hij{x) and the boundary configuration y(T) of the scalar held <p. 
Thus T = 4/(6, hij, y). The compact saddle point geometries are of the form 

ds‘^ = N^{X)dX‘^ + gij(X,x)dx^dx^, ( 2 . 6 ) 

where {A,x*} are real coordinates on the manifold Ai. We take A = 0 to locate the South 
Pole (SP) of the compact saddle point, where the geometry smoothly caps off, and A = 1 to 
locate the boundary S of A4. Regularity at the SP together with the boundary condition 
that geometry and held match {b,hij,x) on S imply that the saddle points are generally 
complex solutions of the Einstein equation. 
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The Einstein eqnation can be solved for T), 0(A, x)} for any complex iV(A). Dif¬ 

ferent choices of N{X) yield different geometric representations of the same saddle point. If 
we define the complex variable 

r(A) = [ d\'N{X'), (2.7) 

Jo 

then different choices of N{X) correspond to different contonrs in the complex r-plane. 
Contonrs begin at the SP at A = 0 and end at the bonndary at A = 1, where r(l) = 
V. Each contonr that connects the SP to v yields a different representation of the same 
saddle point. This freedom in the choice of contonr gives physical meaning to a process 
of analytic continnation — not of the Lorentzian histories themselves as in the dS/CFT 
proposal of na — bnt of the complex saddle points that dehne their probabilities in the 
no-bonndary state. It was shown m that this freedom of contonr can be used to identify 
two different useful representations of the saddle points corresponding to asymptotically de 
Sitter histories. In one representation (dS) the interior saddle point geometry behaves as if A 
and V were positive. In the other (AdS) the interior geometry behaves as if these quantities 
were negative, specifying a Euclidean approximate AdS regime. 

To make this more explicit consider the large volume expansion of the saddle points in 
terms of a variable u dehned by 

u = (2.8) 


with = A/3. At large volume the general complex solution of the Einstein equation is 


rrqo). 


gij{u, x) = ^ h^iAx) + hfMx)u^ + h\. \x)u^^- + ■ ■ ■ + hP^(f)M^ + 


(-)/ 


;( 3 )/ 




(2.9) 

(j){u, x) = u^~{a{x) -f ai{x)u + ••■)+ u^+{(3{x) + (3i{x)u + ■■■). (2-10) 

where hf^\x) has unit volume, A± = (3/2) [1 ± q{m)] with q{m) = — {2m/3Hy and we 

have assumed that V is quadratic near its minimum. 

In saddle points associated with asymptotically dS universes the phases of the helds at 
the SP are tuned so that gij and 0 become real for small u along a vertical line x = Xds 


in the complex r-plane. Eqs. (2.9) - (2.10) show that along this curve the complex saddle 
point tends to a real asymptotically dS history. The x = Xds line is part of a de Sitter 
contour from the SP to the boundary that we call Cds- However, since the expansions 
are analytic functions of u, there is an alternative asymptotically vertical curve located at 
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Xads = Xds ~ tt/ {2H) along which the metric gij is also real, but with the opposite signature. 


Along this curve the saddle point geometry (2.9) is asymptotically Euclidean AdS and the 


scalar moves in an effectively negative potential —V. One can thus envision a contour Cads 
which first approaches the x = Xads line and then cuts horizontally to the endpoint r = v. 
This contour has the same endpoint v, the same action, and makes the same predictions as 
Cds- But the interior geometry is different; it consists of a regular Euclidean AdS domain 
wall that makes a smooth transition to an asymptotically dS universe. 

The action of a saddle point is an integral of its complex geometry and fields, which 
includes an integral over complex time r. Different contours for this time integral yield the 
same amplitude of the boundary configuration (6, hij, y). Thus we can use the AdS contour 
to compute the no-boundary measure. The real part of the Euclidean action along x = Xads 
has the usual AdS volume divergences for large y. By contrast the real part of the action 
is asymptotically constant along the x = Xds curve. Hence the contribution to the action 
from the horizontal branch of the AdS contour must regulate the divergences associated 
with the vertical part of Cads- Indeed, adjusting for signature, it was shown in m that the 
divergent contributions to the action integral along the horizontal part of Cads are precisely 
the regulating counter terms Set familiar from AdS/CFT, plus a universal phase factor iSct- 

By contrast, the action integral along the horizontal branch of Cads does not contribute 
to the asymptotically finite part of the action m- Hence the probabilities for Lorentzian 
asymptotically dS histories in the no-boundary state are fully specified by the regularised 
action of the interior AdS regime of the saddle points. In particular we have 


I[vJj.ij,a{x)] = -r^[hij,5:[x)\ + iS^\v,hij,a{x)] + 0[e 


( 2 . 11 ) 


Here is the y ^ oo limit of the regulated AdS action of the domain wall and a = 


\a\e *^-^2 eq.(2.10)). The minus sign in front of is connected to the fact that the 


NBWF behaves as a decaying wave function along the AdS branch of the contour 


C. Holographic No-Boundary Measure 

The AdS representation of the saddle points provides a natural connection between the 
NBWF in the large volume limit and Euclidean AdS/CFT. In the supergravity approxima- 
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tion the Euclidean AdS/CFT dictionary states that 


exp{-r^^[hij,a]) ^ ZQFT{hij,a] = (exp / d^xVhaO)QFT, 


( 2 . 12 ) 


where the dual QFT lives on the conformal boundary represented here by the three-metric 
hij. For radial domain walls this is the round three-sphere, but in general a and hij are 


arbitrary functions of all boundary coordinates x. Applying (2.12) to (2.11) yields the 


following holographic form of the semiclassical NBWF at large volume 

1 


'^[b, hij,x] = 


exp{iSct[b, hij,x])- 


(2.13) 


Zqft[ hij, O'] 

The probabilities of asymptotically dS histories in the no-boundary state are thus given by 
the inverse of the partition functions of certain complex deformations of AdS/CFT dual 
held theories dehned on the boundary surface S. The arguments of the wave function enter 
as external sources {hij, a) in the partition function. The dependence of the held theory 
partition function on those sources then gives a holographic measure on asymptotically de 
Sitter conhgurations. 


A key diherence between (2.13) and dS/CFT proposals based on the analytic continuation 
of Lorentzian histories is that in the latter case, the auxiliary Euclidean AdS space that enters 


is real. By contrast in (2.13), as we have discussed, the scalar held prohle along the AdS 


branch is complex. In the next sections we compute to what extent this diherence ahects 
the predictions for cosmological observables associated with primordial perturbations. 

III. HOMOGENEOUS MINISUPERSPACE 


In this section we develop in more detail the AdS representation of the no-boundary saddle 
points corresponding to homogeneous and isotropic boundary conhgurations, with h^j the 


metric of the round unit three sphere. We focus here on quadratic potentials V{(()) = ^rn?(lZ 


and comment on the generalisation of our results to other potentials below in section IV C 


Homogeneous isotropic minisuperspace is spanned by the the scale factor b and the ho¬ 
mogeneous value X of the scalar held on the boundary. The saddle points take the form 


ds"^ = dr'^ + a^{T)dfll, 


and the Euclidean action (2.2) and (2.3) reduces to 


mx] = Y I dr 


—ad — a + H a'^ + + 2a'^V (0) 


(3.1) 


(3.2) 












where the dot denotes a derivative with respect to r. The resulting equations of motion are 


— 1 + + a 


-r + 21d 


= 0 , 


0 + ?>H^ — 1/0 = 0 . 


(3.3) 

(3.4) 


Here H = a/a is the complex valued Hubble scale. In the large volume limit 1^1 = H. 

If V has a regime where the slow roll conditions hold then there exists a one-parameter 


set of regular compact saddle points of the form (3.1). The saddle points can be labeled by 
the absolute value 0o of the scalar field at the SP. This is roughly equal to the value of 0 at 
the start of inflation in the associated Lorentzian, inflationary history izg. 

Regularity implies that the behaviour of the saddle point solutions in the immediate 


neighbourhood of the SP is specified by the potential term in (|3.3|), yielding 

0(r) 0(0), 


a(r) 


sin[m0(O)r] 


m0(O) 


(3.5) 


In the larger ‘inflationary’ region around the SP the saddle points are approximately 

i 


HIT 

0(r) ^ 0(0) +f — , 
0(r) i — , 


a(r) 


exp 


2m0(O) 
'H(r) —im(j){0) + 


-im0(O)r -|- 
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= —300. 


(3.6) 


Finally, at large scale factor when the held has rolled down and the solutions are dominated 


by the cosmological constant they are given by the asymptotic expansions (2.9) and (2.10). 

In saddle point solutions that correspond to asymptotic dS histories the phase of 0(0) at 
the SP is tuned so that both a and 0 become real along the vertical part of Cds at a: = Xds- 
This requires [21] 


71 


XdS = 


0 /( 0 ) = 


TT 


(3.7) 


2m0//(O)’ 60/j(O)’ 

where 0 _r(O) and 0/(0) are the real and imaginary part of 0(0) respectively. Therefore the dS 

contour runs straight up from Xds in this regime, just as in the asymptotic regime discussed 
earlier. Numerical results 122 ] show that both regions actually smoothly join into a single 
vertical curve. Since = —idy along x = Xds, it follows that 0 and "H are pure imaginary. 
They can be related to the real Lorentzian quantities by. 




H = —iV-L = 3f00'/,, 


(3.8) 


where prime denotes a derivative with respect to y. In the following all quantities will be 
Euclidean, unless indicated by the subscript L. To conclude, the dS representation of a 
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Figure 1; The dS and AdS contours. The dS contour runs from the SP along the x-axis to x = Xds, 
at which point it runs vertically upward to the endpoint v. The AdS contour starts out vertically 
at the SP and gradually curves towards r = Xds — '^/{‘^H) + iyy, from this point is runs horizontally 
to the endpoint v. 


saddle point is given by a contour in the complex r-plane that consists of two parts (cf. 
Fig[^. The second part of the contour runs vertically upward from {xds, 0) to the endpoint 
{^dSiHv)- Along this part the geometry tends to that of a real, Lorentzian, asymptotic de 
Sitter space. The hrst part of the contour runs from the SP at r = 0 along the x-axis 
to X = Xds- Along this part of the contour the backgrounds are to a good approximation 


described by the no roll solutions (3.5). 


Along the AdS contour we have a{Tads) — iO‘{Tds)- From the solutions (3.6) in the 


inflationary regime we hnd this holds for Xadsiy) = ^ds — tt/ {2\'H{y)\). In this regime 
I'Hiy)] = m(j)ds{y), where (j)ds{y) is the value of the scalar held along the dS contour at the 

















point {xds,y)- For this value of Xads we have, 

aadsiy) = adsiy)exp 


tn 


TT 


(3.9) 


2 ‘^‘^^dsiy). 

which for large 0 indeed reduces to Qads — ictds- Along this contour the other quantities are 
related to their dS counterparts in the following way, 

m 


4>ads{y) — 4>ds{y) 

(f^ads = 

T-iads{y) = T-idsiy) 


Qnsiy) 


1 - 


tTl 

60ds(2/) 


(3.10) 

(3.11) 

(3.12) 


Note that in the limit of a small slow roll parameter e = = l/(90^g) the scalar held 

is real and the Hubble scale imaginary along the AdS contour, just as along the dS contour. 
Thus in this limit the background approaches a real AdS domain wall. 

Since Xads depends on y the contour will no longer go straight up. Instead it starts out 
vertically at the SP, in the no roll regime, where the scalar held is approximately real. But 
when the scalar held starts rolling down the potential the contour gradually moves away 
from the dS contour to the value Xds — ^/(2Ff), which is reached when the cosmological 
constant starts to dominate. 

We can thus deform the dS contour, while keeping the endpoints hxed, into a contour 
with an intermediate regime where the geometry is approximately Euclidean AdS. This is 
illustrated in Fig[T| where the AdS regime of the solutions corresponds to the vertical part of 
the AdS contour to the turning point r = Xads{yh)+iyh- As discussed above the contribution 
to the action from the horizontal part of the contour regulates the AdS volume divergences 
and provides the universal phase factor of the wave function. 


IV. WAVE FUNCTION OF PERTURBATIONS 

We now turn to the wave function of perturbations. We consider linearized perturbations 
away from closed, homogeneous and isotropic three-geometries and field configurations. The 
extended minisuperspace is thus spanned by the scale factor b of the homogeneous three- 
geometries, the homogeneous value of the scalar held y and the parameters dehning the 
perturbation modes. We denote the latter collectively hj z = (zi, Z 2 , ■■■) and tij = (fh, ...) 
and dehne these precisely below. Thus, T = \h(6, y, 2 ;, tj^). 
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The NBWF is an integral (2.1) of the exponential of minus the Euclidean action / over 


complex four-geometries and held conhgurations(a(r), 0 (r), C(t), 7 jj(r)) that are regular on 
a four-disk with a three-sphere boundary on which the four-dimensional histories take the 
real values (6, y, z, tij) [211 ES]. 

We restrict to linear huctuations by only retaining up to quadratic terms in the pertur¬ 


bations in the action in ( 2 . 1 ): 


I = /(°)[a(r),0(r)] +0(r), C(r), 7 p-(r)]. 


(4.1) 


Then describes the homogeneous isotropic background and describes the quadratic 
perturbations away from that background. The linear term vanishes due to the held equa¬ 
tions. 


In regions of superspace where the integral in (2.1) over a(r) and 0(r) dehning the 
homogeneous background can be approximated by the method of steepest descents the 
wave function T will be of the form 




exp 




(4.2) 


where the perturbation wave function -0 is dehned by the remaining integral over ( and 7 ^-, 

= /" 5(57exp (-/(^^[a(r),0(r),C(r),7ij(r)]) . (4-3) 


When evaluated on one of the classical background histories the wave function (4.3) becomes 


a function of time. The Wheeler-DeWitt equation then implies a Schrodinger equation for 
'ijj{z,tij) that describes the evolution of the state of the huctuations in the background 
{b{t),x{t))- In this way, the huctuation helds can be thought of as quantum helds on the 
possible background classical spacetimes, with the state of the helds determined by the 


NBWF through (4.3). 


The integral dehning the wave function in (4.3) may itself be approximated by the method 


of steepest descents. The result for a particular extremum a(r),(;5(r) of is 
'^{b,X,z,tij) ocexp -I^^\b,x,z,tij)+iS^‘^\b,x,z,tij) 


(4.4) 


The extremizing histories ((r) and 7 p(r) are regular on the manifold of integration and 
match z and tij at its one boundary. I^^\b,x, z,tij) and —S'^‘^\b,x,z,tij) are the real and 
imaginary parts of the action evaluated on this history. 
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As for the backgrounds, this quantum mechanical theory of fluctuations around a classi¬ 
cal background universe will predict they behave classically in regions of superspace where 
S^‘^\b,x, z,tij) varies rapidly in z and tij compared to z,tij) [2^ [22]. Specihcally 


when this is the case the wave function (4.4) predicts an ensemble of suitably coarse grained, 
classical, perturbed histories z{t) and that with high probability lie along the integral 
curves of S^‘^\b,x, z,tij). The probabilities of the classical fluctuations in a given homoge¬ 
neous isotropic background are then proportional to exp[—2I^'^'>{b,x,z,tij)]. 


A. Scalar perturbations 

We hrst consider scalar perturbations. The wave function of linear scalar fluctuations 
around the homogeneous isotropic histories predicted by the NBWF was computed in [25T 
ET] using the dS representation of the background saddle points. Here we briefly review this 
result. Then we perform the analogue calculation in the AdS representation of the saddle 
points and compare this with the result in other approaches to dS/CFT. 

The general perturbed metric can be written as 

= (1 -|- 2(p)dr^ -|- 2a(r)H|jda;*dr -|- a^(r)[(l — 2 -^) 7 ^ -|- 2E^ij]dx^dx\ (4.5) 

where jij is the metric of the unit radius three-sphere, x* the coordinates on the three 
sphere and the vertical bar denotes covariant differentiation with respect to Xij- Expanding 
the perturbations in the standard scalar harmonics on gives the dehnitions 

nlm nim 

nlm ^ nlm '' ' 

and 

¥(A ^ fnlmQL- (4-7) 

nlm 

Denoting the labels n, I, m collectively by (n) we write the expansion coefficients as 

®(n)) ^(n); f{n)y 9{n)y ^(n)- 

There are hve scalar degrees of freedom. However g(n) and k^n) appear as Lagrange 
multipliers in the action. Variations of the action with respect to those variables give the 
linear Hamiltonian and momentum constraints. The NBWF satishes the operator form of 


13 





these constraints so it depends only on the background variables b and y, and on a single 
linear combination of the boundary values of the perturbation variables a(„), 6(„), /(„) - the 
three functions that describe the perturbed three geometry. One can take this combination 
to be the following, 


C(n) 0(n) + ^(n) • /(n); 


(4.8) 


Hence one has ■^(6, x, 2 :), where z = •••) are the real values of (^ = (C(i),C( 2 ), •••) at 

the boundary. 


To hrst order in perturbation theory the semiclassical wave function (4.4) takes the form 


(n) 


(4.9) 


with X, ^(„)] the action of each mode, whose explicit form can be found in appendix 


[Xj For perturbation modes that leave the Hubble radius during inflation it can be found by 


solving the complex perturbation equations in the slow roll backgrounds (3.6). Regularity 


at the SP implies that to leading order in r one has C(n) = C(n)(0)r"', where C(n)(0) = 
|C(n)(0)|e*® = C(n)oe*^ is a complex constant. Its phase 9 should be hne-tuned such that Qn) 
is real at the boundary, and its amplitude C(n)o is determined by the value of the boundary 
perturbation Z(^n)- 

At small T the wavelength |a/n| of the perturbation modes is shorter than the horizon 
size since {aUl —)■ 1 when r — 0. In this regime the complex solution for (^(„) oscillates 
and is independent of the nature of the potential. On the other hand at larger r, when 
n -C the general perturbation is a combination of a constant and a decaying mode. 

Thus one expects the wave function 'ip(^n){b,x, Z(n)) will depend only on the behavior of the 
potential for values of 0 near the value taken by 0(r) at the time the perturbation leaves 
the horizon. The requirement that C(„) is real at the boundary means that the phase 6 
of C(n)(0) at the SP should be tuned such that the imaginary component of the subhorizon 
mode function matches onto the decaying mode at horizon crossing. It turns out this implies 
that a perturbation mode will become classical when its physical wavelength becomes much 
larger than the Hubble radius. The real part of the Euclidean action Xj ^(n)] tends to 

the following constant when the mode leaves the horizon. 




2^L 




(4.10) 
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where e = l'H\ is the slow-roll parameter. The subscript * on a quantity in (4.10) 


means it is evaluated at horizon crossing during inflation. Equation (4.10) specifles the 


probabilities of linear, classical perturbations around the homogeneous isotropic, inflating 
histories predicted by the NBWF. One sees that the probabilities of Z(n)n^ are Gaussian, 
with variance characteristic of inflationary perturbations. 

We now evaluate the wave function of perturbations using the AdS representation of the 
saddle points in which the backgrounds are Euclidean AdS domain walls. The complex 
perturbation solutions that enter in the calculation are the same as before, because they are 
fully determined by regularity at the SP and the requirement that the perturbation be real 
at the boundary. However we are now interested in the solutions along the AdS contour. 
We start at small r, when the wavelength |a/n| of the perturbation modes is shorter than 
the horizon size. To leading order in both n/a and cj) the regular solution is given by. 


C(n),adS — “C(n)(0) 


'HadS 


—e 


nVadS 


(4.11) 


(^ads4> 

where r] is the conformal time defined by dr = adrj and Cn(0) is the same complex constant 
as above. Along the AdS contour rjads is approximately real, leading to a growing behaviour 
of the solution. The regularised AdS action for the modes does not stabilise as long as 
the wavelength is shorter than the horizon scale. However, the AdS scale factor increases 
along the vertical part of the AdS contour, and at some point the wavelength will become 
larger than the local Hubble radius. In this regime the perturbation solutions along the AdS 
contour consist of a constant and a decaying term. 


cf„) = c («2) 


where and are constants^. The boundary conditions imply that c® is real and equal 
to Z(„). The value of is not determined by the boundary conditions, but depends on the 
full evolution from the SP. We use numerical simulations to And its value. The AdS contour 
is not a straight line, but we simulate the solution first along the vertical curve t = iy and 
then we discuss and quantify the corrections due to the deviation of the exact AdS contour 
from this. 


^ The solutions are to leading order in (j), the next order contains a term c„/(a0d)^. Here c„ is a constant 
that solely depends on c® and n, and is therefore also real. Since this term is lower order in (j) it does not 
contribute to the constant part of the action. We can therefore ignore it in the analytic analysis of the 
action, but it will be relevant in our numerical analysis of the AdS contour below. 
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Figure 2: The upper left plot shows the numerical results for Abs[c^/c^] as a function of n, with 
= 0.05, 4>o = 10, 9fj)Q = —7r/(6(/)Q) and |C(0)| = 0.01. The solid line shows Abs[c^/cn] oc n^. The 
lower left plot shows Abs[c^/c^] as a function of 0o, with m? = 0.05, n = 11, 9^^ = —7r/(60Q) and 
|C(0)| = 0.01. The solid line shows Abs[c5^/c^] oc (/>(0)“"^. The combined result gives Abs[c^/cn] = 
cs lx* ■ The numerical values for the proportionality constant cs are shown in the right plots for 
different n and (j)o- 


We simulated the evolution of C(n) for different values of n, 0o and = Arg[(^(0)]. The 


numerical results are then matched onto the asymptotic analytic result (4.12) to hnd the 


dependence of on these variables. The results can be found in hgures and The left 
plots in £gure|^show that the ratio oc oc h^/x*- Here we used the fact that n 

and 00 are related to the superspace coordinates by n = b^T-Li* and 0o oc y*. The absolute 
value of the proportionality constant is shown in the right plots of figure [^, while its phase 


The plots show a deviation from the constant value 1/3 for low n and large 0o- This is mainly due to 


ignoring higher order corrections in 0 in the expansion (4.12) and the fact that the background is not yet 
fully classical for these values. 
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Figure 3: Numerical results for the phase of the constant as a function of the initial phase of 
4>{0), for m? = 0.05, n = 15 and |C(0)| = 1. The absolute value of 4>{0) is determined by (3.7). The 
plot shows that Arg[c^] ~ —7r/2 — 3.500^. 


can be seen in fignre The final resnlt is, 


le 


- 3 . 526 /, 


> 0^3 


Cn 


3x* 


(4.13) 


The phase in (4.13) is related to the snperspace coordinates by 


^00 - 


TT 


Stt 
7^ ’ 


6x= 2 


(4.14) 


which can be derived from eqnation (3.7). Note that the stronger the slow roll conditions 
are satished, the smaller the phase. 

In the above we made the approximation of a straight AdS contonr. We now discnss 
the corrections dne to the bending of the contonr. In the regime where the cosmological 


constant is snb-dominant it follows from (3.6) that along the AdS contonr 

d 


_ Sni d 

— = —^e 2 * —. 
dr dy 


(4.15) 


This correction is of the exact same order as what we fonnd for the complex scalar held 
above. It affects the action in two different ways. First of all it gives an extra phase to 
c^. Unfortnnately it is not possible to hnd the exact magnitnde of this correction withont 
doing the explicit simnlation along the bent contonr, which is beyond the scope of this work. 
Secondly the bending of the contonr leads to an additional phase in each explicit derivative 
term in the action of the form exp[—3f7re*/2]. 
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Combining all this, therefore, means the constant part is of the form 


jconst 

(n)^AdS 




Zin)Zin) = 


-T)^ 7^ 

^ '^(n)5 


(4.16) 


2-^2 "'."'r'V'v “ 2?/^ 

where c is a number of order 1. The overall phase gives a contribution to the real constant 


part of the action of order C>(e^ ^). We therefore conclude that 


r(2) _ _ j(‘i),reg 
-'(n) “ ^(n),DW 


(4.17) 


up to slow roll corrections, in accordance with the general result (2.11). 


B. Tensor perturbations 

Finally we evaluate the wave function of the tensor perturbations tij in the AdS repre¬ 
sentation. To quadratic order in the action these decouple from the scalar modes. To solve 


for the wave function we perform a steepest descents approximation to the integral (4.3) 


over 7 jj. Expanding the perturbations in the transverse traceless tensorial harmonics G^j{x) 
on yields the following equation for the evolution of the complex expansion coefficients 
d{n){r) 

d(n) + ^Ud{n) - - l)a~‘^d{n) = 0. (4.18) 

As for the scalar perturbations the contribution to the wave function of each mode decouples 
and is just a boundary term [25] , 

1 




(4.19) 


Here the dot denotes a derivative with respect to r, perpendicular to the boundary. We will 
evaluate this action in the AdS representation. 


The general asymptotic solution of (4.18) - when the modes are well outside the horizon 
- is given by 


d(n) — 


- 1) d: 




— -t- 


(4.20) 


were d^ and d(^ are constants. The boundary value d® must be real and equal to t(„). To 
determine the value of the constant d(( along the AdS contour we perform a numerical 
simulation. 
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Figure 4; The upper left plot shows Khs[d!^/dn] as a function of n, with = 0.05, 4>q = 10, 
00P = —7r/(6(^Q) and |dn(0)| = 1, where |(in(0)| is the initial amplitnde of the tensor mode. The 
solid line shows Ahs[d^/dV\ oc rfi. The lower left plot shows Abs[d^/dn] as a fnnction of (fiQ, for the 
same parameters and n = 1. The solid line shows Abs[d^/(in] oc </>q^. The numerical simulations 
indicate that Abs[d^/dn] = ct h\. The numerical values for the constant ct are shown in the right 
upper and lower plot for different n and 4>q respectively. 


As before we do the simulation along the contour r = iy, and deal with the correction 
due to the curvature of the contour later. The results for different values of n, 0o and 
can be see in hgure and They indicate that 

jd 

(4.21) 

dn 3 

At hrst this result might appear wrong since the tensor equation does not involve the scalar 
held. Nevertheless indirectly, through the background equations of motion, the scalar held 
interacts with for example the Hubble parameter. Using this result we can analyse the 


constant part of the tensor action (4.19) in the AdS representation. We hnd that 


jconst 

{n)^AdS 


= e 


2.l7rze* 






(4.22) 
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Figure 5: Numerical results for the phase of the constant as a function of the initial phase of 0(0), 
for m? = 0.05, n = 11 and |(i„(0)| = 1, where |(in(0)| = 1 is the initial amplitude of the tensor mode. 


The absolute value of 0(0) is determined by (3.7). The plot shows that Arg[d((] ~ —7r/2 — 1.40,^^. 


which is equivalent to the well known dS result 123 up to slow roll corrections. As for the 
scalar perturbations the curvature of the contour will give an extra phase to both and 


the derivatives in the action (4.19) of order e*. In the real part of the action this amounts 
to corrections of order 


C. General potentials 

We have seen that the complexity of the no-boundary saddle points induces specific 
corrections to the perturbation spectra at higher order in the slow roll parameter e. In the 
limit where e approaches zero, the AdS domain wall regime of the saddle points becomes real 
and the corrections vanish. One might wonder whether this conclusion holds more generally 
and in particular for inflationary potentials with a region of eternal inflation. Such potentials 
are important because the NBWF predicts that our universe emerges from a region of eternal 
inflation [2H]. In eternal inflation the slow roll parameters need not be small. Hence one 
might expect a significant corrections due to the complexity of the background. 

However we will now show that even though this is the case for modes leaving the horizon 
during eternal inflation, for modes on observable scales the corrections are again small. As 
an example consider the following hilltop potential 

V (0) ~ Ho — ^m^0^ -(-■■■. (4.23) 
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Figure 6: Hilltop inflation has both an eternal inflating and a slow roll regime. These regions are 
indicated in the potential (left) and for the dS contour in the complex r plane (right). 

This has a region of eternal inflation near the top of the potential, when 0 < Slow 

roll inflation occurs away from this region, in a regime where the higher order corrections 


in the potential (4.23) dominate. In this regime the potential (4.23) obeys the slow roll 


condition e ~ \y '< 1. 

The two different regions are depicted in figure Classical slow roll evolution occurs 


only high up the vertical part of the dS contour. In this region the held equations (3.3) and 


(3.4) can be accurately solved up to hrst order in the slow roll parameter as follows 

a(r)~C(jexp —i\j2V{cf))T , (4.24) 

The constants Cq and are determined by the full evolution from the SP and are thus 
inhuenced by the eternal inhation regime. The turning point and the initial phase of the 


scalar held are chosen such that both ads and (j)ds are real. The 0 solution (4.25) is of course 


not known explicitly, since the potential depends on 0 itself. However, this is not a problem 
when we only want to estimate the the magnitude of the phase of 0 along the AdS contour, 
as we will now show. The slow roll regime of the AdS contour lies at 

71 


XadS = XdS - / • (4.26) 

2^2V{cl)ds) 

The deviation from a straight contour is directly related to how fast V changes and is 
therefore small when the slow roll parameter is small. Along this contour the scalar held 
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takes the form 


4>adS — 4>dS — 


™ v'iM 

12 V{(j)ds) 


(4.27) 


Combining this with (4.25) we can again conclude that the complexity of the AdS domain 
wall is slow roll suppressed in this region, irrespective of the prior evolution of the helds. 
Therefore the spectrum of primordial perturbations on observable scales will only receive 
corrections that are higher order in the small parameter e. 


V. DISCUSSION 

The representation of the no-boundary wave function in terms of saddle point geometries 
with an approximate AdS interior provides an appealing way to formulate a semiclassical 
version of dS/CFT using Euclidean AdS/CFT. In this representation the no-boundary mea¬ 
sure in cosmology is specihed by the regularized action of the interior nearly AdS regime of 
the saddle points. The matter helds are in general complex in the AdS regime, because oth¬ 
erwise they wouldn’t be both real at the hnal boundary and everywhere regular. The dual 
form of the no-boundary measure therefore involves the partition function sourced by certain 
complex deformations of Euclidean CFTs dehned on the boundary of the AdS regime. 

The phases of the sources associated with bulk matter helds are tied to the no-boundary 
condition of regularity and thus encode information about the quantum state of the universe. 
We have computed the ehect of this phase on the predictions for cosmological observables 
associated with CMB perturbations in backgrounds undergoing an early phase of scalar held 
driven slow roll inhation. This potentially provides an observational discriminant between a 
dS/CFT framework based on the NBWF and other dS/CFT proposals. The latter include 
proposals based on the analytic continuation of real inhationary (asymptotically de Sitter) 
universes to real Euclidean AdS domain walls which are designed to implement exact Bunch- 
Davies initial conditions (HHSO]. In that case the sources in the partition function dual to 
bulk matter helds are evidently all real. 

We have seen that in single held models the predictions for the two-point correlators of 
scalar and tensor perturbations of both proposals agree to leading order in the slow roll 
parameters, but they diher at higher order. The agreement at leading order arises because 
the inhaton is nearly massless during slow roll inhation. This is precisely the special case for 
which the background matter helds are nearly real in the AdS regime of the NBWF saddle 
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point geometries m The different predictions of both proposals at higher order can prob¬ 
ably be traced to subtle differences in the quantum state of the fluctuations. The dS/CFT 
proposals based on analytic continuation are designed such that the fluctuation modes start 
off in the Bunch Davies vacuum, as in the standard inflationary analysis. By contrast, the 
initial conditions of the modes in the NBWF are determined by the regularity conditions on 
the complex saddle points [26]. The complex structure of the instanton background means 
that fluctuations are not exactly in the Bunch-Davies state when the Lorentzian, classical, 
inflationary evolution emerges. From the analysis in [2S] it follows that this leads to higher 
order corrections in the two-point correlators. 

It is interesting to ask whether the higher order in e corrections due to the phase of 
the background held can potentially constitute an observational signature of the underlying 
quantum state. In the single field models we discussed in detail these corrections are manifest 
at order e^. At this level they compete with other corrections and would therefore have to be 
disentangled from those^. The same is true for other observables such as the running of the 
power spectrum and corrections to higher point functions measuring e.g. non-Gaussianities. 
In the latter case the third order action [2], evaluated along the AdS contour, will 
similarly acquire corrections of order e relative to the result based on real backgrounds. 
Take for example the action for three scalars, which contains a term, 

^{n) ~ j ^^®^C(n)C(n)- (5.1) 


Each derivative term will both receive a phase due to the perturbation of the AdS contour 


(4.15) induced by the phase of the matter and due to the phase of the decaying mode of the 
perturbations (4.13). The corrections are thus of similar order as for 

It would be interesting to extend our result to the case of multiple fields. It is not 
implausible that the observational implications due to the phase of the background fields in 
the NBWF saddle point geometries are more pronounced in multi-field models where the 
origin of inflation and the perturbations on observable scales are governed by different fields. 
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Appendix A: Perturbation theory 


In this Appendix we list some important conventions and equations regarding linear 
perturbations in a homogeneous and isotropic background. These where hrst derived for 
the NBWF in [2S]. The most general metric of scalar and tensor perturbations around the 


homogeneous isotropic background (3.1) is 


= (1 -|- 2if)dT‘^ -|- 2a(r)R|jda;*dr -|- a^(r)[(l — + 2E\ij -|- 2'yij]dx^dx\ (Al) 


where Yj is the metric of the unit radius three-sphere, x® the coordinates on the three 
sphere and the vertical bar denotes covariant differentiation with respect to Following 
[25] we can use the spherical symmetry of the background to expand the perturbations in 
the normalized scalar harmonics on S'^ 

nlm ^ nlm ^ 

In the same manner we can define the perturbation of the scalar field 


0(r,x) = 0(r) + d0(r,x), 


(A3) 


where 

■S'#- = A Y (A4) 

^ nlm 

Finally the tensor perturbation can be expanded in the normalized tensor harmonics 

(G«)L on S’ 

yp = dnlm{Gij)i^. (A5) 

nlm 


24 





We denote the labels n, 1 and m collectively by [n). 

The equations of motion for the mode functions are 

a^n) + 3'Ha(„) - - 4)a“^(a(n) + 6(„)) + 30/(„) + 3m^0/(„) 

1 1-2 

= ng^n) - 3 + l) g(n) + -(n^ + 2)a~‘^g[n) - ^oT^k^n) - ^'Ha~^k(n), (A6) 

'k{n) T ‘^'kLh(Yi'j T l)cZ (®(n) T ^(n)) 

1 1-2 

= - l)a"^5'(n) + 2a"^/c(„) + -Ua~^k(n), (A7) 

/(n) + 377/(n) - [m^ + (n^ - l)a"^]/(„) + 30a(n) = ^gin) + 2mV5'(n) - 0a"^/c(„), (A8) 

d(n) + ?>'Hd(n) — = 0. (A9) 


The constraint equations are given by 

ItT/^ — 1) • • 1 

^^2 _ 4^ A 30/(n) = 77(7(„) — ^^2 _ X) ® (AlO) 

3a(„)(0^ - 77^) + 2(0/(n) - 77a(n)) - m^(20/(„) + 30^a(n)) - 3a(n) 

+ - 4)&(n) + + l/2)a(„)] = ^77a“^fc(„) + 25 ((„) (^0^ - 77^j . (All) 


The above scalar degrees of freedom are not gauge invariant. There are two gauge degrees 
of freedom characterized by the Lagrange multipliers g{^n) and which allows us put two 
degrees of freedom to zero. An often used gauge is the Newtonian gauge 6(„) = fc(„) = 0. 
The remaining three variables are related to each other trough the linear Hamiltonian and 


momentum constraints (AlO) and (All). The physical perturbation corresponds to a single 
gauge invariant variable C, the curvature perturbation on comoving hyper-surfaces, given by 
the linear combination 


C(n) ®(n) T ^(n) • f(n) 


(A12) 


The equation of motion for (C(„) can be derived from the above, when taking the gauge 
b{n) = f{n) = 0. In this case (^n) = ci{n), whose equation of motion can be obtained by 
eliminating g(^n) and k(^n) using the constraint equations. The result is 


30 -|- 77 (n — 4) ((’(„) -|- 


90" + (n" - 4) 377" + 60" + 20“" + 277^ 


'kLC{n) 


+ 


30" + (n" - 4) 77" + 30" + 20“" + 277^ - 77"(n" - 4) 


a-"C(n) = 0. (A13) 
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The action for a scalar mode C(n) was derived by [3l] and is just a boundary term 


I[ri) 


(A14) 


where Z(^n) = the dot denotes a derivative with respect to r, perpendicular to the 

boundary, and 


M = 

N = 


{n? — 4) 


2a4[(n2 -4)^2 + 302]’ 
1 


AMUa^ 

U = Ka^H + 


K{2a‘^- + 3 


77.2 — 1 

772—4' 




.12_4 i2 


12 - 


K=- 

3 


{ n ^ — — (77^ + 5 )a® 0 ^ — (77^ — A ) a ^ m ?( t )^ 


(A15) 

(A16) 

(A17) 

(A18) 


where all the quantities are to be evaluated at the boundary. This action in valid in the 
regime where the cosmological constant term is negligible. To re-implement the influence of 
the cosmological constant, one can make the substitution —)■ 777202 _|_ ^2 

The action for a tensor mode t(„) is also a boundary term 

^(n) = \o.^t{n)i(n) + (Al9) 

where again all the quantities are to be evaluated at the boundary. 
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